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Abstract 



We study symmetry properties of the Schrodinger equation with the potential as a 
new dependent variable, i.e., the transformations which do not change the form of 
| the class of equations. We also consider systems of the Schrodinger equations with 

certain conditions on the potential. In addition we investigate symmetry properties of 
the equation with convection term. The contact transformations of the Schrodinger 
■ equation with potential are obtained. 



1. Introduction 



i -^H ' Let us consider the following generalization of the Schrodinger equation 

B i i^r + + W(t, x, \ub\)uh + V a {t,x)^- = 0, (1) 

, ot ox a 

> 

where A = — — - — , a = l,n, ip = ifj(t,x) is an unknown complex function, W = 

dx a oxa 

C3 | W(t,x, \tp\) and V a = V a (t,x) are potentials of interaction. 

When V a = in (1), the standard Schrodinger equation is obtained. Symmetry proper- 
ties of this equation were thoroughly investigated (see, e.g., For arbitrary W(t, x), 
equation ([!]) admits only the trivial group of identical transformations x — > x' = x, 
^f' = t,^^ = ^|| 

In ||]— a method for extending the symmetry group of equation (1) was suggested. 
The idea lies in the fact that, in equation (1), we assume that W(t, x, \ifj\) is a new 
dependent variable on equal conditions with ip. This means that equation (1) is regarded 
as a nonlinear equation even in the case where the potential W does not depend on ip. 
Indeed, equation (1) is a set of equations when V is a certain set of arbitrary smooth 
functions. 
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+ rd r ) +(jA x c x c - 2WA)j d w , 



2. Symmetry of the Schrodinger Equation with Potential 

Using this idea, we obtain the invariance algebra of the Schrodinger equation with poten- 
tial, i.e., 

i^+Aip + W(t,x,\ip\)ip = 0. (2) 

Theorem 1. Equation (2) is invariant under the infinite- dimensional Lie algebra with 
infinitesimal operators of the form 

Jab — X a d Xb X\)d Xa i 

i ■ 1 ■■ 

Qa = U a d Xa + -U a X a (ipd^ - V>*<V) + -U a X a dw, 

% " 

Qa = 2Ad t + Ax c d Xc + -Ax c x c (ipd^ - ip*d^ ) (3) 

nA , , „ . , _ , / 1 
~ ~2~ 

Q B = iB {ipd^ -ip*d^*) + Bd w , Z 1 =ipd 1 p, Z 2 =ip*d^*, 

where U a (t),A(t),B(t) are arbitrary smooth functions of t, over the index c we mean 
summation from 1 to n, a,b = l,n, and over the repeated index a there is no summation. 
The upper dot stands for the derivative with respect to time. 

Note that the invariance algebra (||) includes the operators of space (U a = 1) and time 
(A = 1/2) translations, the Galilei operator (U a = t), the dilation (A = t) and projective 
(A = t 2 /2) operators. 

Proof of Theorem 1. We seek the symmetry operators of equation (]2|) in the class of 
first-order differential operators of the form: 

X = e(t, x, V?, 1>*)d Xfi + Vfo x, ifi, tp*)d f + T)*(t, x, tfj, tp*)d r + p(t, x, V, 4>*,W)d w .{4) 

Using the invariance condition ||], || [| of equation (2) under operator @ and the fact that 

dW dW 

W = W(t,x, \ip\), i.e., ip-^— = ip tt—, we obtain the system of determining equations: 

dip dtp* 

4 = 4* = o, £ = o, £ = & C b +e a = o, £ ° = K, 

^ = 0, ^.=0, n* ra = -{i/2)^, 

iVo + Vcc - V^WiP + 2W&I> + Wr, + pip = Q, 

-irio + V*cc ~ r]* r Wr + WQip* + Wrf + p^* = 0, 

Ptp = Pip* = 0, 

where an index j varies from to n, a,b = l,n, over the repeated index c we mean the 
summation from 1 to n, and over the indices a, b there is no summation. 
We solve system (H) and obtain the following result: 

£° = 2A, C = Ax a + C ab x b + U a , a = 

1 /l ... ■■ A n - 

p = j ( 2 ^ XcXc + UcXc + B )- 2 iA ~ 2WA > 
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where A,U a ,B are arbitrary functions of t, E = B — 2inA + C\, C ab = —C ha and C\ are 
arbitrary constants. The theorem is proved. 

The operators Qb generate the finite transformations: 

t — t ■ X — OC ■ 

if/ = vpexp(iB(t)a), 
ifj*' = ^*exp(-iB(i)a), 
W' = W + B(t)a, 

where a is a group parameter, B(t) is an arbitrary smooth function. 

Using the Lie equations, we obtain that the following transformations correspond to 
the operators Q a : 



t' = t, x' a = U a {t)f3 a + x a , x' b = x b (b / a), 



4,* = ^*exp \--U a U a fc - -U a X a p a j , 
W' = W + Uj a X a (i a + hfraUaPl, 

where (5 a (a = l,n) are group parameters, U a = U a {t) are arbitrary smooth functions, 
there is no summation over the index a. In particular, if U a (t) = t, then the operators Q a 
are the standard Galilei operators 

G a = td Xa + -x a (ipd^ - ip*d v ) . (8) 

For the operators Qa, it is difficult to write out the finite transformations in the general 
form. We consider several particular cases: 

(a) A(t) = t. Then 

Q A = 2td t + x c d Xc - -tyfy + i;*d r ) - 2Wd w 
is a dilation operator generating the transformations 
't' = t exp(2A), x' c = x c exp(A), 

^ = exp(~A)^ V*'=exp(-^A)^, (9) 
W = Wexp(-2A), 

where A is a group parameter. 

(b) A(t) = t 2 /2. Then 

Qa = t 2 d t + tx c d Xc + -x c x c (ipd^ - ip*d^*) - ^-t (ipd^ + ip*d,p*) - 2tWd w 
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is the operator of projective transformations: 

t , Xr 



t' 



i-nt 1 



1- fit 1 



$ = rp(l - fit) n/2 exp 

^ =V*(l-Att) n/2 exp 
[W = W(l-fit) 2 , 



H is an arbitrary parameter. 
Consider the example. Let 



1/X qCC d^-h 

4(1 -/^); ' 

XX qX q ^Jj 

4(1 - lit) 



(10) 



w 



1 



1 



XrXr 



(11) 



We describe how new potentials are generated from potential (|ll| ) under transformations 

(§, (0), ®. ©• 
(i) Qb: 



W 



x c x c 



w' 



x c x c 



+ B(t)a -> W A 



S(t)(a + a') 



where -B(i) is an arbitrary smooth function, a and a' are arbitrary real parameters, 
(ii) Qa- 



W 



W' 



x c x c 



w' 



W' -> W", 

w" 



1 . 



+ -rU tt U a (/% + ft 



I2\ 



(xa-U a (t){(3 a + f3' a )Y+x b x b 4 

+ ^aC9« + #)(*a " E/a(A, + P'J) + ^a^A^ - ' ' ' > 

where i7 are arbitrary smooth functions, /3 a and are real parameters, there is no 
summation over a but there is summation over b (b ^ a). In particular, if U a (t) = t, then 
we have the standard Galilei operator d§) and 



W 



1 



w 



1 



W" 



1 



X c j; c (l a - t(3 a ) 2 + (l a - t(P a + Pa)) 2 + Zfe^fc 

(iii) Qa for = t or = i 2 /2 do not change the potential, i.e., 
1 1 .„„ 1 



W 



w 



W" 



XqXq 



XqXq 



XqXq 
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3. The Schrodinger Equation and Conditions for the Potential 

Consider several examples of the systems in which one of the equations is equation (2) 
with potential W = W(t,x), and the second equations is a certain condition for the 
potential W. We find the invariance algebras of these systems in the class of operators 

x = e(t, x, v>, r,w)d x ^ + v (t, x, r, w)d, lP 

+ rf{t, x, ip, ip*,W)d r + p(t, x, ip, Tl>*,W)dw. 

(i) Consider equation (2) with the additional condition for the potential, namely the 
Laplace equation. 

U^ + ^ + W(t,i)i, = 0, (i2) 
[aw = 0. 



System (|12|) admits the infinite-dimensional Lie algebra with the infinitesimal operators 

Po = dt, P a = d Xa , J ab = x a d Xb — x d Xa , 

i . 1 .. 

Qa = U a d Xa + -U a x a (ipdf - i>*d^*) + -U a x a d w , a = l,n, 

Tl 

D = x c d Xc + 2td t - - (Vc^ + ^*d r ) - 2W8w, (13) 

% Tl 

A = t 2 d t + tx c d Xc + -x c x c (V><9</, - V>*<V) - -t (tpd^ + i>*d^*) ~ 2 Wtd w , 
Q B = iB(ipd^ - V>*<V) + Bd w , Z x = ipd^,, Z 2 = if)*d^, 

where U a (t) (a = 1, n ) and B(t) are arbitrary smooth functions. In particular, algebra (13) 
includes the Galilei operator (||). 

(ii) The condition for the potential is the heat equation. 

i^ + AiP + W(t,x)?P = 0, 
W + XAW = 0. 
The maximal invariance algebra of system (|TJ) is 
P = d t , P a = d Xa , Jab = x a d Xb - x b d Xa , 

Tl 

D = 2td t + x c d Xc - - + i>*d r ) - 2Wd w , 
Zi = ipd^p, Z 2 = ip*d<p* , Z 3 = it (ipdy - i>*d^* ) + d W - 
(hi) The condition for the potential is the wave equation. 

i^ + A4, + W(t,x)ii = 0, 
UW = 0. 

The maximal invariance algebra of system (|l^) is 

P = d t , P a = d Xa , J ab = x a d Xb - x b d Xa , Zi = ipd^, Z 2 = ip*d^*, 
Z 3 = it (ipd^ - tp*d^* )+dw, Z 4 = it 2 (ipd^ - ip*d^,* ) + 2tdw 
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(iv) The condition for the potential is the Hamilton-Jacobi equation. 



i-^ +Aip + W(t,x)ij; = 0, 
dW , dW dW 

= 0. 



(16) 



, dt dx a dx a 
The maximal invariance algebra is 

P = d t , P a = d Xa , Jab = x a d Xb - x b d Xa , 

Zi = tpd^, Z 2 = ip*d^* , Z 3 = it(ipd^ - ip*d^* ) + d W - 

(v) Consider very important and interesting case in (1 + l)-dimensional space-time where 
the condition for the potential is the KdV equation. 



(17) 



For an arbitrary F(\ijj\), system (|l7|) is invariant under the Galilei operator and the 
maximal invariance algebra is the following: 



P = d t , Pi = d x , Z = i {tpd^ - tp*d^ ) 



G = td x + - ( x + —t ) (tpd^ - ij}*d^*) + —dw 



(18) 



A I 



For F = C = const, system (|17|) admits the extension, namely, it is invariant under the 
algebra (Po> -Pi; G, Z\, Z 2 ), where Pq,P\,G have the form (|i8|) and Z\ = tpd^p, Z 2 = ip*d^*. 
The Galilei operator G generates the following transformations: 

't' = t, x' = x + 9t, w' = w + ^e, 

Ai 

(' - rcxp ( ^0x+ y0t+ ^9 2 t 

ij}*' = i>* exp (~9x - y9t ~ \ 02t 

where 9 is a group parameter. Here, it is important that Ai ^ 0, since otherwise, system 
(|j~7| ) does not admit the Galilei operator. 



4. Finite-dimensional Subalgebras 

Algebra (§) is infinite-dimensional. We select certain finite-dimensional subalgebras from 
it. In particular, we give the examples of functions U a (t) and B{t), for which the subalgebra 
generated by the operators 

Pq, Pa, Jab, Qa, Qb, Z\, Z 2 (19) 



is finite-dimensional. 
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(a) U a (t) = exp(jt). In this case, subalgebra (|19|) has the form 

Po, Pa, Jab, %1, %2, 

Qa = e 7i (d Xa + ^px a {ipd^ - ip*d^*) + ]p 2 x a dw^j , a = l,n, 
Qb = e 7 * (itpd^ - iip*d^* + -ydw) . 

(b) U a (t) = C\ cos(ut) + C2sm(vt). Then subalgebra fll9| ) has the form: 

Po, Pa, Jab, Zl, Z2, 

qW = cos(z4)<9 Xa - ^vsm{yt)x a (ipd^ - ip*d^*) - \? cos(ut)x a d w , 

= sin(vt)d Xa + ^vcos(vt)x a (ipd^ - ij)*d^*) - ^v 2 sm(ut)x a d w , 
X\ = ism.(vt) (tpd^ — ip*dip*) + v cos{vt)d\y, 
X2 = icos(ut) (tpd^ — ip*dip*) — usm(ut)dw- 

(c) U a {t) = dt k + C 2 t k - 1 + • • • + C k t + Cfe+i. Then subalgebra fllj) has the form: 

Po, Pa, Jab, Z\, Z2, 

Qi l) = t k d Xa + l -kt k - x x a (ipd f - rd r ) + \k{k - l)t k ~ 2 x a d w , 

= t k ~ x d Xa + % -(k - l)t k - 2 x a tyfy - rd r ) + \{k - l)(k - 2)t k ~ 3 x a d w , 



Q a k) = td Xa + l - Xa d;d^-rd r ), 

= it (ipd^p - V>*<V) + d w, 

Q {2k ~V = it 2k ~ 2 tyfy - rd r ) + (2k - 2)t 2k - 3 dw. 

5. The Schrodinger Equation with Convection Term 

Consider equation (1) for W = 0, i.e., the Schrodinger equation with convection term 

where ip and V a (a = l,n) are complex functions of t and x. For extension of symmetry, 
we again regard the functions V a as dependent variables. Note that the requirement that 
the functions V a are complex is essential for symmetry of (|20|). 

Let us investigate symmetry properties of ( p0[ ) in the class of first-order differential 
operators 

x = ed x , + r/fy + v*o r + P a d Va + p* a d v *, 
where 77, r]*,p a ,p* a are functions of t, x, if), if)*, V a , V* . 
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Theorem 2. Equation (2C) is invariant under the infinite- dimensional Lie algebra with 
the infinitesimal operators 

q a = 2Ad t + Ax c d Xc - iA Xc (d Vc - dv?) - A {v c d Vc + v c *d v *) , 

Qab = Kb [x a d Xb - x b d Xa + V a d Vb - V b d Va + V*d v * - V b *dv*J 

- iE a b (x a d Vb - x b d Va - x a dv* + x b d v *^) , ( 21 ) 
Qa = U a d Xc - iU a (d Va - dy*) , 
Z\ = ipd^, Z 2 = ip*d^ , Z 3 = d,/,, Z 4 = d^* , 

where A,E ab , U a are arbitrary smooth functions oft. We mean summation over the index 
c and no summation over indices a and b. 

This theorem is proved by analogy with the previous one. 

Note that algebra ([H]) includes, as a particular case, the Galilei operator of the form: 

G a = td Xa -idv a +idv*. (22) 

This operator generates the following finite transformations: 

Y = t, x' a = x a + /3 a t, x' b = x b (b / a), 
ip' = tp^ if)*' = ip* i 

yi = v a -ip a , v:' = v:+i(3 a , 

where (3 a is an arbitrary real parameter. Operator (^) is essentially different from the 
standard Galilei operator (||) of the Schrodinger equation, and we cannot derive opera- 
tor (||) from algebra (|2l]). 

Consider now the system of equation ( |20|) with the additional condition for the poten- 
tials V a , namely, the complex Euler equation: 



.dip A dip 
at ox a 

, dt dx b dx a 



(23) 



Here, ip and V a are complex dependent variables of t and x, F is an arbitrary function of 
The coefficients of the second equation of the system provide the broad symmetry of 
this system. 

Let us investigate the symmetry classification of system (23). Consider the following 
five cases. 

1. F is an arbitrary smooth function. The maximal invariance algebra is (Pq, P a , J ab , G a ), 
where 

Pq = dt, P a = d Xa , 

Jab = x a d Xb - x b d Xa + V a d Vb - V b d Va + V*d v * - V b *d v *, 
G a = td Xa - id Va + idy* . 
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2. F = C\ip\ k , where C is an arbitrary complex constant, C ^ 0, k is an arbitrary real 
number, k ^ and k ^ —1. The maximal invariance algebra is (Pq, P a , J a t, G a , D^) , 
where 

c 

3. P = -r-j-r, where C is an arbitrary complex constant, C / 0. The maximal invariance 
algebra is (Pq, -Pa, Jab, G a , Z = Z\ + Z 2 ), where 

Z = ipd^p + tp*djf,* , Zi = ifidj, , Z 2 = ip*d^* . 

4. F = C / 0, where C is an arbitrary complex constant. The maximal invariance algebra 
is (P , P a , J a b,G a , P (1) , Z 3 , Z 4 ) , where 

Z3 = d^, Z4 = dj/,*. 

5. P = 0. The maximal invariance algebra is (Po, P , J a b, G a , P, A, Z\, Z2, Z3, Z4), where 

D = 2td t + x c 8 Xc - V c d Vc - V*dv* , 

A = t 2 d t + tx c d Xc - (ix c + tV c )d Vc + (ix c - tV*)d v * . 

6. Contact Transformations 

Consider the two-dimensional Schrodinger equation 

iipt+ipxx = V(t,x,tp,ip x ,ipt)- (24) 

We seek the infinitesimal operators of contact transformations in the class of the first- 
order differential operators of the form [|], ^] 

X = ^ u (t,x,i(),ip t ,tp x )d Xv +-q(t,x,tp,ip t ,ip x )d^ 

(25) 

+ C(t, x, V, ^tAx)d^ v + fi{t, x, ip, tpt^x, V)dv, 



where 



dw tt, 1 dW >y dW . dW 

r = -T7— , ■n = W-ip v -— , = — + (26) 

Oip v OTpv OXy Otp 



for a function W = W(t,x,ip, ip x ,ijjt)- The condition of invariance of equation ( |24| ) under 
operators (E3), (^) implies that the unknown function has the form 

W = F 1 (t)A + F 2 (t,x,^,^ x ), 

where P 1 and P 2 are arbitrary functions of their arguments. 
Then 

£° = -**(*), ^ = -P^(t,x,^,^), 

r, = F 2 -i, x Fl, C° = PM + Pt 2 + ^P|, C^P' + ^Pl, 
/i = i(W t + ^W^,) + W X;E + 2W^ 

- (#* - V) {W xfx +W^ + ^ X W^ X ) + (ip x ) 2 W^ 

- (iijjt ~ V) (W xi)x + - (itpt ~ V)W^ X ) . 
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Thus, equation (|24| ) is invariant under the infinite-dimensional group of contact transfor- 
mations with the infinitesimal operators: 

Qf 1 = ~F l d t + + iF^ t d v , 

Qf 2 = -Fid* + (F 2 - i> x Fl)d^ + {F 2 + frFfra^ 

+ (F 2 + ^ x F 2 )d^ x + [iF 2 + i^ t Fl + F 2 X + 2F 2 ^ X 

+ {^ X ) 2 F 2 ^ - {itlH - V)(2F^ x + 2^ X F 2 ^ + F 2 ) + (i^ - V) 2 F 2 xlPx }d v , 

where F 1 = F x (i) and F 2 = F 2 (t,x,ip,ip x) are arbitrary functions. 

Consider the special case. Let F 1 ^) = 1, F 2 (t,x,ip,ip x ) = —(ip x ) 2 - Then W = ifit — 
(tpx) 2 - The operators of the contact transformations have the form 

Qf 1 = dt, 

Q F 2 = 2i/> x d x + (ipxfd^, - 2(#t - V) 2 d v . (27) 

The operator (p7|) generate the finite transformations: 
' x' = 2ip x 6 + x, t' = t, 

i/ = ^ x ) 2 9 + 4>, i/£ = i/> x , rt = ip t , (28) 

, _ 2iO(V - iiPt^t + V 
20(Y-iik) + l ' 



Transformations (|28| ) can be used for generating exact solutions of equation (24) from the 
known solution and for constructing nonlocal ansatzes reducing the given equation to the 
system of ordinary differential equations. 
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